A new way of constructing unextendible maximally entangled basis (UMEB) from maximally entangled basis (MEB) is proposed. Consequently, it is shown that if there is an N -member UMEB in 
I. INTRODUCTION
Entanglement as a fundamental feature of quantum physics has been proved to be a central resource in quantum information and quantum computation [1, 2] . One of the important problems in this field is to characterize entanglement not only physically but also mathematically. Consequently, the unextendible bases have attracted much attention in recent years . The first unextendible basis is the unextendible product basis (UPB) [3] , which indicates nonlocality without entanglement since it can not be distinguished by local measurements and classical communication [3] . Moreover, it can be used for constructing bound entangled states [6, 8, [10] [11] [12] . Later, unextendible maximally entangled basis (UMEB) [4] and the unextendible entangled basis with Schmidt number k (UEBk) [5] were investigated extensively.
The highest priority problem in studying the unextendible basis is to check whether they exist in the given bipartite state space. The existence problem of UPB and UEBk have been resolved completely. The UPB exists in any C d ⊗ C [5, 30] . Although considerable progress has been made, the existence of UMEB still remains open. It has been shown that there is no UMEB in the two-qubit system, a 6-member UMEB exists in C 3 ⊗ C 3 and a 12-member UMEB exists in C 4 ⊗ C 4 [4] . Later, B. Chen and S.-M. Fei proved in Ref. [26] that there exists a set of d 2 -member UMEB in
and questioned the existence of UMEBs in the case of d ′ ≥ 2d. Ref. [27] proved that there might be two sets of UMEBs in
′ , and an explicit construction of UMEBs is put forward. A 30-member UMEB in C 6 ⊗ C 6 was given in Ref. [28] and they give a method of constructing UMEB
Recently, Wang et al. proved that for any d there exists a UMEB except d = p or 2p, where p ≡ 3 mod 4 and p is a prime [31] . They also presented a 23-member UMEB in C 5 ⊗ C 5 and a 45-member UMEB in C 7 ⊗ C 7 . Here, we propose a new scenario of constructing UMEB via the space decomposition. Our method improves all the previous work about UMEB. The rest of this paper is constructed as follows. In Sec. II, we introduce some related notations and terminologies. Sec. III deals with the case of d = d ′ and Sec. IV discusses the case of d < d
′ . We give an easy method to get a (qd)
It has much less members comparing with the one in [28] and the subspace structure of the associated Hilbert-Schmidt space depicts the formation of UMEB in a concise way. For the case of d = d ′ , we settled down the constructing of UMEB based on a more completely rational scenario. We conclude in Sec. V at last.
II. DEFINITION AND PRELIMINARY
Throughout this paper, we always assume that
state if it can be written as |ψ =
There is a oneto-one relation between {|ψ i } and the Hilbert-Schmidt basis {A i } [29, 30] :
where {|k } and |l ′ are the standard computational bases of C d and C 
We will close this section with three lemmas which are necessary in the proof of our main results in Secs. III and IV. The Lemma 1 below is borrowed from [29] , which reveals that SV1B exists in M d×d ′ for any d and
We remark here that, MEB is a complete basis of the space, that is, it is a basis with any element is indeed a maximally entangled pure state. The following lemmas can be easily checked.
⊥ with respect to the Hilbert-Schmidt inner product and
To construct a UMEB in any given bipartite state space, one always expects to get one that consisting of fewer elements. The following theorem is the main result of this section. It improves the previous work in Ref. [28] by giving fewer members of UMEB.
Theorem
By Lemma 1, UB exists in M d×d for any d. Let 
We define
where • denotes the Hadamard product, j = 0, 1, . . . , q − 1, k = 1, . . . , q − 1. It follows that U q,d := {U k,j i
q,k . We now take a UUB of M d×d , denote by {V i : i = 1, . . . , N < d 2 }, and let
where I q = Sis the q × q identity matrix, i = 1, . . . , N, j = 0, 1, . . . , q − 1. We assert that
is not a UUB, to reach a contradiction, we assume that
j ) = 0 for any i = 1,. . . , N , and j = 0, 1, . . . , q − 1. We write Tr(W †
holds for any i, 1 ≤ i ≤ N . Eq. (5) leads to α ij = 0 for any i and j, which is impossible since {V i : i = 1, . . . , N < d 2 } is unextendible. We now conclude from Lemma 2 that
is a UUB of M qd×qd . Then we can get a (qd)
Comparing with the (qd)
, we get a UMEB consisting of less number of elements. In addition, Theorem 1 reveals that we can obtain UMEB from not only the UMEB in
but also the UMEB in C q ⊗ C q , and moreover, the two kinds of UMEBs have the same number of members. But they are not equivalent to each other in general (here, two sets of UMEB {|ψ i } n i=1 and {|φ i } n i=1 are called equivalent if there exists a permutation π ∈ S n , unitary matrices U and V such that U ⊗ V |ψ i = |φ π(i) for i = 1, . . . , n, where S n denotes the permutation group of n elements [28] ). We illustrate it with the case of C 12 ⊗C 12 . Observe that, {|ψ i } n i=1 and {|φ i } n i=1 are equivalent iff the corresponding UUBs U ψ and [28] . This reveals that U i U j and V π(i) V π(j) have the same eigenvalues if the two UMEBs are equivalent. On one hand, any element in V 4,3 has a eigenvalue e iθ with infinite order (here, the order of a complex number, λ, |λ| = 1, is the least nature number n such that λ n = 1), where θ satisfying cos θ = − 7 8 [28] . On the other hand, any element in V 3,4 does not contain eigenvalue with infinite order. Thus the two UMEBs in C 12 ⊗ C 12 (i.e., the two UMEBs corresponding to V 4,3 and V 3,4 respectively) based on our scenario can not be equivalent. We also remark here that, let L q,d be the space with U q,d ∪ V q,d as its UB, then L 
then, by Theorem 1,
is a (2p 2 + 2m)-member UUB in M d×d . We may construct UMEB from other ways. For the space of M d×d with d = s + t, 2 ≤ s ≤ t, we let
By Lemma 2, it is clear that if s < t, then any UB of L
However, it is hard to know whether there exists UB in L (d) s⊕t for s < t. The case of s = t can be easily checked. In fact, let
s⊕s . If it is true for s < t we may get new UMEBs with much less members and the existence problem of UMEB would be settled down completely.
IV. d < d

′
We now discuss the case of d < d
′ . We consider the case of 2 ⊗ 3 at first. we denote * * * * * * = * * 0
By Lemma 1, SV1B exists in any matrix space. Thus, any SV1B of the subspace L
since there is no singular-value-1 matrix in L It is clear that any MEB corresponding to the subspace * * * 0 * * * 0 is a UMEB in C 2 ⊗C 3 . In fact, for
Then any MEB of the first subspace L
(all the entries of the last i columns are zeros, 1 ≤ i < d) and let Γ
We also have other method to get UMEB. If d ′ ≥ 2d, we consider the decomposition
We denote by Γ 
d ′ −d can be viewed as a UMEB in M d×d (if it exists). For clarity, we list some examples below.
Example 2. By Theorem 2, it is obvious that
constitute a UMEB in C 2 ⊗ C 3 . In general, in a d ⊗ d
